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Abstract: In this paper, the light pollution problem is studied. Firstly, the principal component analysis 
method is used to delete and merge the existing data, so as to get the final judgment index. Secondly, the 
entropy weight method and TOPSIS evaluation method were combined to obtain the light pollution risk 
index (LDI) with comprehensive scores, and the K-Means clustering method was adopted to classify 
figure the light pollution risk levels according to LDI. Finally, indicators were collected and ranked for 
four regions: protected area, rural community, suburban community and urban community, so as to 
determine their risk levels. The study found that the levels of light pollution risk in protected areas, rural 
communities, suburban communities and urban communities gradually increased. 
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1. Introduction 

With the rapid development of China's economy and the increase of social activities at night, light 
pollution has become a new kind of environmental pollution after the disintegration of waste gas, waste 
water, sludge and noise. [1] Too much artificial light may disrupt our circadian rhythms, leading to poor 
sleep quality and affecting people's physical and mental health.[2] At the same time, glare caused by 
artificial light may cause motor vehicle accidents and threaten life safety. Therefore, a light pollution risk 
assessment model and a light pollution impact regression prediction model are established in this paper 
to determine the light pollution risk levels in different regions. 

2. Materials and methods 

This paper adopts the 2023 American Mathematical Modeling Competition for College Students E 
Question (https://www.comap.com/contests/mcm-icm) to Analysis and Research. 

3. Model establishment and solution 

3.1 Light pollution risk level model  

According to the characteristics of light pollution and the factors causing light pollution, considering 
the development level, population, biodiversity, geographical location, and climate of the region, a large 
number of primary indicators are selected using the McKinsey logic tree, and the indicators are censored 
according to whether they are quantified or not. Then, four primary indicators and 11 secondary 
indicators were obtained by using principal component analysis. These indicators are scored using 
TOPSIS based on the entropy weight method for weighting. Finally, the whole light pollution risk level 
model is completed according to the K-Means cluster analysis.  

3.1.1 Selection of primary indicators  

Based on the factors that lead to light pollution, we refer to the relevant literature below [3]. By 
combining spatial, temporal, lighting equipment, and the physical environment of that different area. In 
the model, we used McKinsey logic tree analysis to find a large number of primary indicators. We first 
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selected 14 primary indicators and 47 secondary indicators.  

Among these indicators, some of them are non-specific or fuzzy. Considering the applicability of the 
model comprehensively, we performed a small part of deletion and synthesis of these indicators 
according to whether they are quantified. The obtained indicators were then subjected to principal 
component analysis.  

3.1.2 Principal component analysis  

Principal component analysis (PCA) was introduced by Pearson to non-random variables in 1901, 
and Hotel extended this method to random vectors in 1933 [4]. The principal component analysis is a 
multivariate statistical analysis method that synthesizes several relevant variables into one or a few 
comprehensive indicators, which can reflect the information of the original variables to the greatest extent 
[5].  

The specific steps of principal component analysis: 

According to the original sample matrix X ,the indicator is positively processed: feature𝑋𝑋𝑖𝑖 average 
value: 
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Standardize the data after forward processing: 
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In the formula 𝑋𝑋�𝑡𝑡𝜕𝜕𝑖𝑖 respectively represent 𝑖𝑖 sample mean and standard deviation of the indicators  

Correlation judgment between indicators to get the correlation matrix R :  

Obtained according to the equation R  and P  eigenvalue 𝜆𝜆𝑖𝑖 and eigenvectors  

( 1,2,3,..., )jU i p= , cumulative contribution rate≥85% or eigenvalues greater than 1 the first m 
factors are determined as principal components: 
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Calculate the principal component score iF : 

1 1 2 2 ...i i x i x ni nF a X a X a X= + + +                          (7) 

Among 𝑎𝑎1𝑖𝑖, 𝑎𝑎2𝑖𝑖, …… 𝑎𝑎𝑝𝑝𝑖𝑖 for X covariance matrix the eigenvectors corresponding to the eigenvalue, 
𝑋𝑋𝑥𝑥1……𝑋𝑋𝑝𝑝is eigenvectors corresponding to the eigenvalues.  

Use the formula to calculate the comprehensive score F : 
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The specific results are shown in Table 1. 

Table 1: Variance Explanation Table 

Element  Characteristic root 
 Characteristic root Variance Rate (%) Cumulative variance (%) 
1 6.954 63.221 63.221 
2 1.184 10.767 73.988 
3 0.993 9.024 83.012 
4 0.82 7.455 90.467 
5 0.387 3.522 93.989 
6 0.259 2.353 96.342 
7 0.176 1.596 97.937 
8 0.093 0.841 98.779 
9 0.06 0.542 99.321 

10 0.047 0.427 99.748 
11 0.028 0.252 100 

We plot gravel plots according to how well each principal component explains the variation in the 
data. Its function is to determine the number of principal components we need to select according to the 
slope of the eigenvalue decline, extracting the number of principal components through the unknown 
judgment of "slope tends to be flat." In addition, the variance interpretation table is used to confirm or 
adjust the number of principal components. The specific results are shown in Figure 1. 

 
Figure 1: Gravel diagram 

At the same time, we combined factor loading quadrant analysis to obtain the final division results. 
Light pollution, regional, biological, and policy indexes are four first-level and 11 second-level indicators. 

(1) Light pollution index 

Light pollution affects our urban environment and ecosystem to different degrees. A system of 
indicators to study the risk level of light pollution, the light pollution index is fundamental, which 
includes the value of upward light proportional illumination, artificial light intensity, and sky brightness. 

Uplighting ratio: Uplighting is a significant type of pollution that causes urban skies to shine. Among 
them, the illumination of lamps and the reflection characteristics of urban surfaces are the main factors 
affecting the proportion of uplight, so we can quantitatively evaluate the uplight from these two aspects. 

Illuminance value: It is a parameter describing the amount of luminous flux irradiated to a particular 
surface[6]. In some areas with close road layouts, dense traffic tracks, and a high level of economic 
development, as well as a large number of urban shopping malls, surrounding industrial night plants and 
landscape lighting will cause higher illumination at night. The abbreviation symbol is E , and the unit 
of measurement is lux(LX). The calculation formula is as follows: 

2= LME
M

                                    (9) 

Artificial light intensity: With the development of urbanization, artificial light is an essential factor 
influencing the degree of light pollution. It can also be used as a potential factor to measure the degree 
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of light pollution[7]. 

Sky brightness: The brightness of the sky gradually extends from the horizon to the zenith. In general, 
the higher the brightness of the sky, the more serious the light pollution, so the team selected sky 
brightness as one of the essential indicators for evaluating light pollution. Then, by grading the night 
sky's brightness, people can intuitively know the pollution level of the area. 

(2) Regional Index 

The development level, terrain, and climate of an area can all be used as indicators of light pollution 
in the area. The development level of a region refers to the amount of development in this region, which 
reflects the scale or level of social and economic phenomena in different periods. In general, light 
pollution is relatively severe in regions with high levels of economic development. 

Different terrains have varying degrees of impact on light pollution, and complex terrain has a diffuse 
impact on light pollution. Some terrains have very few people living in closed forests, and the level of 
light pollution is low. Some areas are flat, populated by many people, and have relatively light severe 
pollution. There are also some mountainous areas with high terrain, so the pollutants emitted by the 
pollution sources are blocked by the mountains and form reflections, resulting in light severe pollution 
in some areas. 

Although light pollution does not change the climate more than greenhouse gas emissions, to a certain 
extent, light pollution will also affect the climate. 

(3) Biological index 

Both humans and non-humans contribute to light pollution. A city with a higher population density 
will have a relatively higher level of light pollution because the increase in population will drive the 
development of shopping malls, factories, transportation, and tourism, and the development of these 
factors will generate more light pollution, thereby increasing the risk level of light pollution. 

Except for very few animals active at night, most are quiet and do not like intense light. However, 
the interfering light and reflected light produced by outdoor lights and decorative lights at night seriously 
affect the life and rest of animals and disrupt the circadian rhythm of animal life. In the long run, the 
balance of the ecological system in this area will be seriously damaged. The richness will decrease, so 
biodiversity[8]can also be used as an essential indicator of light pollution levels. 
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=                                    (10) 

Where, R ——Richness of species. 𝑁𝑁1The——number of wild animal species in the assessed area. 
𝑁𝑁2——Number of wild vascular plant species in the assessed area. 

3.1.3 Establishment of comprehensive evaluation model 

In order to further evaluate the light pollution risk level by weighting the four first-level and 11 
second-level indicators, we have determined. We use the entropy weight method to determine each 
index's weight, then use TOPSIS to score the weight, and finally define the score as the light pollution 
risk index. 

(1) Entropy weight method 

The basic idea of the entropy weight method is to determine the objective weight according to the 
size of the index variability. 

Generally speaking, the smaller the information entropy in the index, the greater the variation degree 
of the index value, the more information it provides, the more significant the role in the comprehensive 
evaluation, and the greater the weight [9]. The greater the information entropy of an indicator, the smaller 
the change in the indicator value, the less information it provides, the smaller the role in the overall 
evaluation, and the smaller the weight. 

Weighting steps of entropy weight method: 

Data standardization: standardize the data of each indicator. For positive indicators: 
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Direction indicator: 
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Among 𝑋𝑋𝑖𝑖′represents the value that normalizes the data for each metric. 

Calculate the probability matrix: 
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Find the information entropy of each indicator: 
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Calculation of information utility value: 

1i jD E= −                               (15) 

Calculate the weight coefficient of the index: 
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The specific indicators are shown in Figure 2. 

 
Figure 2: Weight calculation chart 

(2) TOPSIS Evaluation method  

The TOPSIS method is a commonly used comprehensive evaluation method [10]. The comprehensive 
distance between any program in the evaluation index system and the optimal and worst solutions is 
calculated through specific calculations.  

TOPSIS algorithm specific steps: 

Forwarding the original matrix: intermediate metrics: 
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Normalize the normalization matrix: 
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Calculation score normalization: the final score results are as Figure 3. 

 
Figure 3: Light pollution level final score chart 

Finally, we collated data from 80 different regions and clustered their final scores into four categories 
based on the evaluation index system through K-Means, divided into four types: tiny, low, medium, and 
high. Each type corresponds to a corresponding segment of values, which is used to evaluate the risk 
level of light pollution. The classification results are as follows: 

Tiny: Score results between 0.562531 and 0.648535. 

Low: Score results between 0.475682 and 0.556426. 

Medium: Score results between 0.396107 and 0.473378. 

High: Score results between 0.283883 and 0.383046. 

3.2 Indicators are applied to four different types of positions 

We now have a model for measuring the level of light pollution risk that incorporates many factors 
and a system of indicators with broad applicability as required by topic one. There is no doubt that light 
pollution will affect some of these factors to different degrees in different locations and thus to different 
degrees for humans and non-humans. In this section, we will apply our indicator system at four different 
types of locations: a protected land location, a rural communities, a suburban communities, and an urban 
communities, and we will interpret the results. 

3.2.1 Data selection 

According to the four different indicator locations provided by the topic, we select some 
environmental characteristics of these locations and make some sub-regions in these environmental 
characteristics to make our data source more adaptable for that region. We also consider the differences 
between the four types of area tables because, generally, artificial light brightness values are high in 
urban communities. In contrast, suburban communities have somewhat lower brightness values, and rural 
ones are even lower, and finally, protected land. We find the most significant differences among the four 
regions, i.e., the light pollution thresholds accepted by different regions differ. 

3.2.2 Indicator Application 

We apply our indicators to these four different types of locations. The data for each region is different. 
Based on the model in the first question, we can calculate the light pollution intensity of each region 
separately.  

actual total iβ β α= −                               (20) 

𝛽𝛽𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡  represents the actual calculated light pollution, 𝛽𝛽𝑡𝑡𝑎𝑎𝑡𝑡𝑎𝑎𝑡𝑡𝑡𝑡  indicates the actual risk of light 
pollution in the area, 𝛼𝛼𝑖𝑖indicates the light pollution that should be generated. The specific results are 
shown in Table 2. 

Table 2: Comprehensive scoring and ranking of the four regions 

Index Score Rank Index Score index Rank 
E1 0.623140192 8 E3 0.529063611 61 
E2 0.531117524 34 E4 0.376349601 79 
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4. Conclusions 

This study found that the levels of light pollution risk in protected areas, rural communities, suburban 
communities and urban communities increased gradually. The results were closely related to the 
geographical location of the four regions. 

For protected areas, the government introduced light pollution prevention and control policies earlier 
and more forcefully. For rural communities, there is a lack of diverse entertainment and shopping centers 
as in cities, a low overall level of development, low population density, and little light pollution. As for 
the suburbs, there are more people and fewer businesses, mainly distributed in residential areas. For cities, 
there is more housing and more traffic, which results in high population density and high levels of 
artificial light intensity. Although some big cities have introduced light pollution prevention and control 
policies in the early stage, compared with other factors causing light pollution, the improvement effect 
of the policies is less reflected to some extent. Therefore, the government should constantly improve and 
introduce new prevention and control measures. 
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