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Abstract: In probability theory, the convergence of dependent random variables is an extremely crucial
concept, Complete moment convergence plays an important role in complete convergence, as it
provides a more precise characterization of the convergence rate by incorporating moment conditions.
Many scholars have conducted research on classical probability limit theory and achieved significant
results. Due fo the uncertainty in actual events, limit theory in classical probability spaces is no longer
applicable. Therefore, in recent years, the limit theory on nonadditive probabilities or nonlinear
expectations is a challenging problem that has attracted many researchers, many scholars have
extended their research to sublinear expectation space. In this paper, the weighted sums of Extended
Negatively Dependent random variables in the sublinear expectation space are studied. Through
making full use of the characteristics of sublinear expectation, some inequalities and local Lipschitz
functions, the sufficient conditions for their complete moment convergence are explored. Some
conclusions in reference twelve are extended by it from the classical probability spaces to the sublinear
expectations space, so some conclusions in the literature are improved.

Keywords: Extended Negatively Dependence; Complete Moment Convergence; Weighted Sum;
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1. Introduction

Limit theory in probability theory is a research focus. It can only study deterministic models in
classical probability space, but in real life, many things are uncertain such as risk measurement, finance,
and insurance. Since Peng Shige proposed the concept of sublinear expectation, this uncertainty
problem has been solved [1]. It has effectively addressed uncertainty in probability. Since then, many
scholars have begun to study it in sublinear expectation space and have achieved many results, for
example, Li-Xin Zhang has obtained the law of iterated logarithm and the strong law of large numbers
[2]. Shu-ting Pan studied several types of convergence [3]. Min-Zhou Xu focused negatively dependent
random variables and obtained the conditions for their complete moment convergence [4 - 5]. Complete
convergence and complete moment convergence are crucial areas on probability limit theory [6-9]. The
concept of complete convergence was first proposed by MSU et al [10], and CHOW introduced the
concept of complete moment convergence on the basis of complete convergence [11]. Subsequently, a
great number of scholars have studied it in classical probability spaces. For example, Yan-Chun Yi have
obtained the necessary and sufficient conditions of complete moment convergence by taking the
weighted sums of Extended Negatively Dependent (END) random variable sequences as the research
object [12]. In this paper, the complete moment convergence for weighted sums of END random
variables under sublinear expectation is examined, aiming to establish the sufficient conditions for this
convergence. Some of the conclusions in reference [12] are improved in the sublinear expectation
space.

2. Preliminary Knowledge
2.1 The Relevant Definitions and Properties of Sublinear Expectations

In this article, we utilize the theoretical knowledge proposed by Professor Peng Shige[1]. Suppose
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Q
that 1 is a linear space which is consist of all real functions defined on a measurable space ( ? ).It

¢(§17“.3§n)€H

for any Sirag, € H , (pbelong to the linear space consisting of local
Cp(R")

makes

, and it satisfies :
lo(s)—o (1)< c(1+|s|m +|t|m)(|s—t

For some C > 0,m € N, relyingon ¢.

Lipschitz functions denoted as

), Vs,t € R"

Definition 2.1[1] E:H > R= [—oo,+oo] is defined as a sublinear expectation, if for
V&,n € H, the following conditions are satisfied:

(1) Monotonicity: when & <77, we have E[E] < E[77];
(2) Constant invariance: E[C]=C,forallC e R ;

(3) Secondary additivity: E[E+n]<E[E]+E[n];
(4) Homogeneity: E[A&]=AE[£],220.

The (Q,H E ) is called sublinear expectation space. For a given sublinear expectation £, We
define the conjugate expectation of E as& (5) =-F (—§) ,VEéeH .

Definition 2.2[2] Assume " < F', the function V' : T" — [0, 1] is said to capacity, if the following

conditions are met:
MV (¢)=0,V(Q)=1:
(2) When¢&, TE, we haveV(fn)T V(&);:when &, V&, we have V(fn)i V(). where
g6 el
(3) When & 17, we have V(f) < V(77), vénel.
Ifford eI,V [0 AJ < i V (Ai) ,then V is said to have additivity several times.
-1 il

Definition 2.3 [2] Choquet Integral C,, (&) = j0+wV(§ > s )ds + J-_O (V(§ >5)— l)ds :

Definition 2.4[2] In sublinear expected space (Q, HE ), if there exists a constant/ > 1, such

thatE|:ll[ v, (é)j' < hﬁEl:(l//i (é))},n 21, wherey, € C, , (R) is a non-negative function
i=1 i1

and neither decreasing nor increasing, then we call{é‘i,i > l}a sequence of Extended Negatively

Dependent (Abbreviated as END) random variables.
2.2 Lemmas

When proving the main conclusion, the following lemmas are needed.

Lemma2.1 [3] (1) C, inequality: Given a column of random variables 7,,77,,+--,77, in (Q, H,E ) ,

the following inequality holds: for every positive number 7,
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E[Im+n2+---+nn|r}SCr{E[lmV}+E[Inzlr}+---+E[mr}},
{1 0<r<l

WhereC, =4 |
n r>1

£(ef)
(2) Markov-inequality: For V¢ € H,V(|§| > S) < —| Vs>0,g>0.

st
(3) Jesen-inequality: If f (x) is a convex function which is defined on R , suppose E (f) ,

E':f(é:):l are finite, then E[f(f)] > f(E(ﬁ))
Lemma2.2 Suppose there is a triangular array of random variables {é}.,l <Ll j<i } ,

Which is defined on sublinear expected space(Q,H,E) .Letz >0, {ai,i > 1} , {bi,i > 1} be

a sequence of positive numbers. If for every £ > 0,

1/t

X <00 .

o OO S
Zbijl V|l max Z é:l] >5aix
= 1<s<i | j=1

Then for every & >0,

N

ibia,‘E max | 2.&|—af <».

= <s<i =
i=1 1<s<i Jj=1 +

Proof: Let & > 0 be given, note that

© 0 S
oo>ZbiJ.V max z flj >2_18aixl/r x
o Is<i| =1

s J 1 1
=3 6f v\ max|X &|>2 a;x 7
= 1<s<i | j=1

. s
Zzbij.l V| max| 2. éj >&a; jdx
= 1<s<i|j=l1

S

=(2r —1)51 bV | max|>. &> ea,

i=1 1<s<i Jj=l1
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Thus, we have

T
S

2ba Eymax | 2.4~ ¢a
i=1

<s<i j=
1<s<i Jj=1 +

o e S 1
=Zbiai JOV max Z§U _gal>x/z- X

= 1<s<i | j=1

w (ca,) S l/r
=2.b a;fjo V! max |2 /fl-j —ga;>x"" |dx

= 1<s<i | j=1

o " s 1z
+Z bi ai_rj.(gul)TV max Z gl_] _gal >_x dx

= 1<s<i | j=1

J=1

< 8Ti b, V(max
=1

1<s<i

R s 1
Eal}+;biai I( ¥ V'l max z gij >X /T x

] 1ss<i| j=1

S

25

i=1 I<s<i | j=1

0 0 © S
=5rzb,~V£maX 8%}572 bV max| 2 &; >5aix1/r dx < o0

oo 1<s<i | =1

3. Main Results

Theorem Let{f, $inJ 2 l} be a sequence of END random variables in (Q,H E ) satisfying

E(gj):OandV(

only assume that

a >1,9>0,p>max{O,(l—G)/(a—l)},ﬂ>max(—l,—l/9)

§j|>S)SMV(|§|>S),VSZO,jZl, where M >0 is a constant. We not

But also assume that
p<2(1+6B)/(1+2p) and a>max{1,(3-6+2p)/[2(1+6B)]} , Where 8> —0.5

We denote p (05 - 1) +6 as p .Suppose that there is a triangular array of constant numbers

{Amj _ ijjﬂm—(lwﬁ)/l’,l <m,I<j< m} that satisﬁes|ij <Cfor any 1 <m,1< j<m, here

C>0.
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(p-0)/(1+6p) formax{-1,-1/6} < B<~1/p
If 0<z<{ p JorB=-1/p (1)
(p+p-0)/(1+68-pB)  forf>-1/p
o |‘§| O < oo formax {-1,-1/6} < S <—1/p
And 4 C,|é]" log(1+&]) < oo forp=-1/p @
c, |§|(p+p—<9)/(l+9ﬁ—pﬁ) JorB>-1/p

h

Z Am_i éj

J=1

T
} o
+

Proof By the C, inequation and known conditions(1)(2), we have for everym > 1, every £ >0,

T
} <o
+

Therefore, to prove the theorem holds, it only needs to be proven for sufficiently large integers 171, ,

Then for every & > 0, Z m“‘zE{maX

m=l 1<h<m

h

2 A8

1<h<m | j=1

E {max

h

248

J=1

D> mE {max

m=rity 1<h<m

—8} <oo foralle >0 .

+

Applying Lemma2.2 now, it is sufficient to prove

1= Z m* zj {max ZAmj;i

m=n, I<h<m | j=1

>8t1/TJdt<OOforallg >0.

Since Amj = A,:j —A;j., thus, we may assume that Amj > ().Given any & >0, we choose some

numbers as follow: 0 < g <1, some small o >0, large integer N > 1, and stipulate that, for all
I<m,I<j<m,andall t>1,

&) ==m ot (A, 8 <—m ot )+ A, E 0 (|4,8 | <m ot e m T (4

mj

& >mr)
ECD =(4,8 —m ot ) I(m ot < 4,8 < et [(5N)),
E) = (A,E, —m )14, >t [(5N)),
EW) =(A4,8 —m 1)1 (e J(SN) < 4,8, <—m177),

ES) =(A,E,+m ot )1(4,E <t [(5N))
Then [ = Z m“ J. (max Zh:Amjfj > et'” )dt

m=iity I<hsm | j=1
>811/T/5]dt =1L+ L+ +1,+1,

2.6

=1

Siim f (max

I=1 m=nmy 1<h<m

Therefore, as long as we prove [, < oo forl =1,2,3,4,5, then [ <o00is proven.
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Forl,,by E (.fk ) =0 (k > 1) and known condition (2), we have

h
supmax |2 E<,”
I<h<m | j=1
m 4[%4) p—0 1 1
2> m E|Am,-§,- o for max {—l,——} <f<-—
1 o 0 P
< 2> m"VE|4,& | for =t
j=1 P
m ( p=0+p 71] p—0+p 1
1+06-pp o for p>——
ZZ]:m 7 JE|A4, & [o-rp -
=
1 1
,((H)M( p-0 ,1j for maxq—1,—-—,< f<——
Cm 1+08 0 o,
< dem el D ogn for B= L
—(a—l)+o‘[1f;ﬂp:p9ﬁ—lj T
Cm for f>——
yo,
Choosing smallo > 0 such that ¢ - max p=0 , Py p+p=b -l;<a-1,
1+68 ° 1+606—-pp
h
We et Jjmsupmax |2 £S,"|=0 -
m—>o0 1<h<m | j=1
Therefore, if
o h
a2 Lt 1t r .
m:Zm m 2'[1 V{rlr}h%z( ; (fr(m ) —Ef}fv )) > gt /IO]dt < o0is proven,
Then [, < oo is proven.
Choose ¥ such that
2(p+p-0) 2(p+p-0) 2(p+p-0
2@ 7 2p+p=0) 2p+p=0) 2ptp )1(0<9<2),
o l-q 1+ 65 1+66—-pp 2-60

y > max

2(p+p-0) 1(/3>—1j
2(1+6B8)— p(1+20)

2
By using lemma 2.1and2.2, we can obtain

5[ | max (et -2

m=iit, I<h<m | j=1

> et'" /IO]dt

m 7/2
"+ [ZE(&EL;”) ~E&L )2} dt

J=1

(L) (L)
gmj - Egm]

<C i m®?* (logm)’ let_z iE
=
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1=

0

< Z logm It’ZE

mj

dHCZm (logm) JW{ZE( )}

According the definition of fn;’t and the choosing of ', we can get

CZm

The following proves

© o _P=9)
1 <> m“ " (logm) Lt T odt <o

m=1

tT

7
m o [ m
C./Z_;m”"z(logm)yj‘1 t {]Z;E( ) } dt <o,

The following three cases are going to be discussed:
1) max{-1,-1/6} < f<-1/p

@1If (p—0)/(1+6B)>2 and 0<O<2,then E|§|2<oo,theref0re,

> E(e) <E(4,8) <X (4,)

j=1 Jj=1

Cmfz(neﬂ)/p for max {—1, —1/9} <B< _1/2

<y Cm @ logn for f=-1/2
Cpl2p2)r] for B> —1/2

() If (0—0)/(1+6B)>2 and 6>2, in which case, we have thatE|§|2 <oand B>
—1/2, thus,

iE( Sni ) <k (Amjéj )2 < sz:(Amj )2 < Cm L))
=

Jj=1

© If(p—0)/(1+60B)<2,by B<—1/p, we havepﬂ(a —1)/(1+0ﬂ) < —1, therefore, we
get

2EE)

SE(A,8 ) 1(|4,8 ] <m ot )+ (ot Y 1|4, > moe)

j=

< (m*“t"/f) < (m—o'tq/r )2—P(a—1)/(1+9ﬂ) i E| Am, 5} pla-1)/(1+68)

=

< Cm—(a—l)—G[Z—p(a—l)/(lﬂ%’)]tq[Z—p(a—l)/(1+9,B)]/r

2p=-1/p

(@Ifp>2 and0< @ <2, then

S E(E) <E(4,8) sc3(4,)

Jj=1 J=1
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Co20+P)p for max{—l,—l/e} <p<-1/2

S Cm’(zfg)/p logn fOl" ﬁ = _1/2
Cml ™72 @)e] for f>~1/2

(b)Ifp=2 and@ > 2, then

m

S E() <54, s, scm o

j=

(c)If p<2,since f= —1/ L0 , by known condition (2), we have

Z"l:E(;S,t) )2 < (m_atq/r )2—(p—e)/(1+eﬁ> Zm;E|Am;‘§j|p
i= J=

< Cm V) (log m)yr* P

3) p>-1/p
@1If (p+p—0)/(1+68—pP)=2 and 0<O <2, then

m

S E(&) <E(4,8) <C3(4,)

Jj= J=1

2(1+98)/p

for max {-1,-1/8} < g <—1/2

20/P logm Jor f=-1/2
[ )] for f>—1/2

O If (p+p—0)/(1+68—pf)=2 and 6>2, then

iE( £ ) <E(4,¢) <C

j=1 =1

(Am')2 Scm7[7172ﬁ+2(1+9,8)/p]

\.ME

(o) If (p+p—<9)/(l+(9,3—pﬂ)<2,by,3>—1/p,wehave

pp (a - 1) / (1 +6p ) > —1, therefore, combing the known conditions, we get

ZE( 11) <(m—0'tq/r) (p-0+p)/(1+08-pB) i
j=1

< Cm—(a—l)—o‘[Z—(p—9+p)/(1+9ﬁ7pﬁ)]tq[zf(p*9+P)/(1+9ﬁ*Pﬁ)]/T

p—0+p)/(1+6B—pp)

Ela,&|

Based on the above discussion and the selection of ¥, .we have obtained

In this way, /, < o0 is proven.

For I, by the definition of £ ,(ni’t) and Markov-inequality, we can obtain for m > N
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Zk: é‘Z(Z_J)
mj

J=1

k
>gr1/f/5J -v| D, §,£§’t)>gtl/r/5
j=l1

V{max

1<k<m

< V(there are at least N values of j € {1, 2,---,m} such that 4,.&, > m’”t"/r)

< —-oq/t . - q/r)
- Z V(Amjl éffl >m LT Aij Jn >m "t
I<ji<-<jy

< > MV(A,E >mot) (4, & >mr)

1<%y

N
SM[ZV(AW; > m‘“tq/’)]
Jj=1

" 1 1

for max<—-1,——p< ff<——
0 p

p—0

m _49 \1+68
M Z(m“t J E|4,¢,

p—0
1+68

N 1

w Y or f=——

< M (m"t : E|Amj§j|p] frb==
J=1

o | for ]

m _49 \1+68-ppB p—O+p or >——

M Z(m"t ’ E|Am/§/ S P
j=1

e *O'(p—ﬂ) —Ng(p-0)
{ (a=ty 1+68 }Nt o(1+68)

Cm

for max {—1,—1} <p< L
0 p

—Ngp 1

Cm e VrePIN (log m)N for B=——
Yol

IN

(1) Z2=0+p) |\ ~Na(p-6+p)
(a—1)+ N
Cm 1+608-pp ¢ t(1468-pp)

forﬂ>—l
P

'0_9,,0, p=0+p -lr<a-1,
1+6p 1+66—-pp

We can take a sufficiently large positive N such that

N{_(a—l)-FU'maX{p_e p=0+p }}<—a and

Because of 0 - max {

14081+ 08— pp

NZ . min '0_0,,0, p=0+p >1
T 1+68 ° 1+68—-pp

Thus, we get [, <o

For I3, since
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S (|| et
I;S;m jl V(H[ i Ddt
< i:lma—Z LOOV[OOQ‘: | > S;D l/rj—ﬂm(Haﬂ)/p j]d[

Jj=1

<CJ‘ {Zma 2iV(|§| 1/T - m(1+9ﬁ)/pj}dt 3)

(1+68)/p

mj D j

p(1+68), pB/(1+6B)

Let,uzy’ﬁx ,U=Yy, then X= U v ,V=0.

Therefore, we have Z me? Z V (|§| D tl/fj*/?m(‘*f@ﬂ)/p j

m=1
< CJTO JTVUﬂ > %tlﬁy—ﬂx(”gﬁv” )dxdy

. J' J_ /(1+65-pP) -0)/(1+68)~ 1Uﬁ(p )/ 1+9ﬂ |é;| 13
1+ Gﬂ
CJ.OO,u'p*QZVOfbitVTyjdy for max < —1 1 <ﬁ'<—l
! 5SND ] o,
) 1
< Jc| w'(lo V or f=——
[ u (log ) (Iél D jdu for B .
o 2P £y for B 1
C 1+9ﬂ—pﬂV > tl T or > ——
[ u €[> sptH -
( O\ eme 188 P EREEE o e (1 —1/81 :
I = Jormax{-1.-1/6} < B <—1/p
< 4 Crek Jor B=-1fp
[l pmfe ol 85— 0 8 of B = 5 Jor g=-1
|. IS i E|:| B fo @
Therefore, by known conditions and (3)(4), I; <oo is proved. According to the proof method of
I, <o R Iy <o , we can also be proven that IASS , I5 < .Thus, the theorem is proved..

4. Conclusion

We have obtained the sufficient conditions for the convergence of weighted and complete moments
of END random variables in subline expectation spaces, which extends the conclusions existing in
reference [12].
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