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Abstract: Photonic crystal is an optical microstructure whose dielectric constant is periodically 
modulated by spatial position. The structure of photonic crystal can be divided into one-dimensional, 
two-dimensional and three-dimensional, and two-dimensional has become a research hotspot. For the 
photonic crystal doped with tin oxide in two-dimensional hexagonal graphene, this paper uses COMSOL 
software to solve the energy band of the lattice on the basis of triangular cell, and obtains the electric 
field height image and energy band structure diagram under TM and TE modes. The localization of the 
electric field and the band gap structure of the two modes in a certain frequency range are analyzed. It 
provides a simulation method and theoretical basis for the application of this material. 
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1. Introduction 

In 1987, S.John first proposed photonic crystal, which is a microstructure composed of dielectrics 
with different refractive indices arranged periodically. It has important characteristics of photonic 
localization and photonic band gap [1]. According to these characteristics, photonic crystals can be used 
to manufacture high-performance devices such as efficient semiconductor lasers, optical filters, 
waveguides, and optical amplifiers.  

YUAN et al proposed the method of DtN mapping to calculate the band gap structure of two-
dimensional photonic crystals with positive and triangular arrangement [2]. Zhang et al proposed a new 
type of two-dimensional lattice photonic crystal with different windmill shape defects, and studied the 
influence of the translation and rotation of the defect structure of different windmill models on the 
transverse magnetic field band gap, further reducing the defect symmetry of the photonic crystal [3]. 
Based on the traditional plane wave expansion method, Gharaati Abdolrasoul et al proposed a general 
method for calculating the Faraday rotation and transmission spectra of two-dimensional magneto-optical 
photonic crystals based on the plane wave expansion method [4]. Dena M. El-Amassi et al assumed that 
one of the layers constituting the ternary photonic crystal is a left-handed material with both negative 
permittivity and permeability. It is found that with the increase of the thickness of the LHM layer, the 
band gap of the one-dimensional ternary photonic crystal will increase significantly [5]. You-Ming Liu 
et al used the transfer matrix method to study the band gap structure of photonic crystals of magnetized 
ferrite, and found that the band gap width increases first and then decreases with the increase of disorder 
effect [6]. Upadhyay A, Taya S.studied a kind of photonic crystal with ( AB ) NA structure, and studied 
the change of the band gap width of the photonic crystal with different parameters of the superconducting 
layer[7]. Fan Y realizes the rapid reconstruction of plasma photonic crystals by using the self-
organization of filaments in dielectric barrier discharge. It is found that when the structure of plasma 
photonic crystals changes, the position and size of band gap will change significantly [8]. Rahmani Z, 
Rezaee N et al., studied the reflection and absorption of electromagnetic waves in one-dimensional 
ternary plasmonic photonic crystals by transfer matrix method [9]. Pourmahmoud V, Rezaei B et al.used 
the Kronig-Penney method to study the electric polarization and magnetic polarization photonic band 
gap characteristics of one-dimensional photonic crystals composed of dielectric layers and multilayer 
dielectric graphene layers in the terahertz frequency region [10]. Chen Y H et al studied the phenomenon 
and reason of the photonic band gap shift of three-dimensional photonic crystals in an open environment 
of 10 °C and 20 °C [11]. Based on the 2 × 2 transfer matrix method, Saeidi et al used MATLAB software 
to theoretically calculate the photonic band gap characteristics and electric field distribution of one-
dimensional multi-period photonic crystals [12]. Dga B et al introduced a new type of windmill-like 
defect, and used the plane wave expansion method to numerically analyze the photonic band gap and 
defect mode [13]. 
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The two-dimensional hexagonal graphene doped tin oxide photonic crystal was simulated by 
COMSOL, and the electric field height image and energy band structure diagram in two modes were 
obtained. The localization of the electric field and the band gap structure of the two modes in a certain 
frequency range were analyzed. 

2. Principle 

The propagation of electromagnetic waves in photonic crystals can be described by Maxwell 
equations[14]: 

⎩
⎪
⎨

⎪
⎧

 ∙ 𝐃𝐃 = ρ
 ∙ 𝐁𝐁 = 0

 × 𝐄𝐄 + ∂𝐁𝐁
∂t

= ρ

 × 𝐇𝐇− ∂
∂t
𝐃𝐃 = J

                                                                 (1) 

E and B are macroscopic electromagnetic and magnetic induction fields, D is the electric displacement 
vector, and H is the magnetic field. ρ and J are free charge density and current density. 

Because photonic crystals are non-magnetic materials, there are 

B = μ0μ(r)H                                                                  (2) 

D = ε0ε(r)E                                                                   (3) 

Where μ0 and ε0 are the relative permeability and relative dielectric constant in vacuum, μ(r) and ε(r) 
are the relative permeability and relative dielectric constant. The relative permeability of most materials 
is μ(r) = 1. Here ε(r) is the position periodic function. 

Therefore, the following wave equation can be derived from the Maxwell equations [15] 

1
c2

∂2D
∂t2

+ � 1
μ(r)
× D

ε(r)
�=0                                                        (4) 

Where c is the speed of light, c = (μ0ε0)^(-1/2). 

Equation (4) is transformed into the steady state equation of electric displacement vector D 

−2D − ×[χ(r)𝐃𝐃] = ω2

c2
𝐃𝐃                                               (5) 

Where ω is the frequency, χ(r) = 1-1/ε(r). 

Considering only the propagation of electromagnetic wave in z direction, (2) can be simplified as 
d2

dt2
E(z) + ω2

c2
ε(z)E(z) = 0                                                   (6) 

A unit cell structure of the photonic crystal is shown in Figure 1, which is a layered periodic medium 
containing two thin layers of alternating thickness d1 and d2, respectively. The dielectric constants of the 
thin layers are ε1 and ε2, and the lattice spacing is a. 

 
Figure 1: Photonic crystal unit cell periodic structure 

The periodicity of the dielectric constant can be written as 

ε(z + a) = ε(z)                                                                 (7) 

Equation (7) makes the solution of Equation (6) have the form of Bloch wave, namely 
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𝐸𝐸(𝑧𝑧 + 𝑎𝑎) = 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝐸𝐸(𝑧𝑧)                                                             (8) 

From this, we can further write the solution of the first and second thin layers of the lth unit cell and 
the first thin layer of the l + 1th unit cell: 

𝐸𝐸𝑙𝑙
(1)(𝑧𝑧) = 𝐴𝐴𝑙𝑙𝑒𝑒𝑖𝑖𝑞𝑞1𝑧𝑧 + 𝐵𝐵𝑙𝑙𝑒𝑒−𝑖𝑖𝑞𝑞1𝑧𝑧                                                      (9) 

𝐸𝐸𝑙𝑙
(2)(𝑧𝑧) = 𝐶𝐶𝑙𝑙𝑒𝑒𝑖𝑖𝑞𝑞1𝑧𝑧 + 𝐷𝐷𝑙𝑙𝑒𝑒−𝑖𝑖𝑞𝑞1𝑧𝑧                                                    (10) 

𝐸𝐸𝑙𝑙+1
(1) (𝑧𝑧) = 𝐴𝐴𝑙𝑙+1𝑒𝑒𝑖𝑖𝑞𝑞1𝑧𝑧 + 𝐵𝐵𝑙𝑙+1𝑒𝑒−𝑖𝑖𝑞𝑞1𝑧𝑧                                               (11) 

Define q1 = ε1 ^ ( 1 / 2 ) ω / c = n1ω / c, q2 = ε2 ^ ( 1 / 2 ) ω / c = n2ω / c, n1 and n2 are refractive index. 
Al, Bl, Cl and Dl are the amplitudes of the electric field. Taking the left side of each thin layer as the origin 
of coordinates, then according to the continuity conditions of E and dE / dz on the boundary, we can 
obtain 

�𝐴𝐴𝑙𝑙+1𝐵𝐵𝑙𝑙+1
� = 𝑇𝑇 �𝐴𝐴𝑙𝑙𝐵𝐵𝑙𝑙

�                                                              (12) 

where T is a 2 × 2 unimodular transfer matrix, and its matrix element is 

𝑇𝑇11 = 𝑒𝑒𝑖𝑖𝑞𝑞1𝑖𝑖1 �cos(𝑞𝑞2𝑑𝑑2) + 𝑖𝑖
2
�𝑛𝑛1
𝑛𝑛2

+ 𝑛𝑛2
𝑛𝑛1
� 𝑠𝑠𝑠𝑠𝑠𝑠(𝑞𝑞2𝑑𝑑2)�                                 (13) 

𝑇𝑇12 = 𝑒𝑒𝑖𝑖𝑞𝑞1𝑖𝑖1 𝑖𝑖
2
�𝑛𝑛1
𝑛𝑛2
− 𝑛𝑛2

𝑛𝑛1
� sin(𝑞𝑞2𝑑𝑑2)                                               (14) 

�𝑇𝑇21 = 𝑇𝑇12∗

𝑇𝑇22 = 𝑇𝑇11∗
                                                                  (15) 

Then Equation (8) is equivalent to 

�𝐴𝐴𝑙𝑙+1𝐵𝐵𝑙𝑙+1
� = 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖 �𝐴𝐴𝑙𝑙𝐵𝐵𝑙𝑙

�                                                           (16) 

Substituting Equation (16) into Equation (12), we can get 

(𝑇𝑇 − 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝐼𝐼) �𝐴𝐴𝑙𝑙𝐵𝐵𝑙𝑙
� = 0                                                         (17) 

where k is the wave vector. 

If we consider the inverse process of Al, Bl to Al-1, Bl-1, we can obtain 

(𝑇𝑇−1 − 𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖𝐼𝐼) �𝐴𝐴𝑙𝑙𝐵𝐵𝑙𝑙
� = 0                                                      (18) 

Combining Equations (17) and (18), we can get 

𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐𝑑𝑑 = 1
2

(𝑇𝑇 + 𝑇𝑇−1) = 1
2
𝑇𝑇Г𝑇𝑇                                                 (19) 

Finally, a transcendental equation is obtained: 

𝑐𝑐𝑐𝑐𝑠𝑠𝑐𝑐(𝑑𝑑1 + 𝑑𝑑2) = 𝑐𝑐𝑐𝑐𝑠𝑠 𝑛𝑛1ω𝑖𝑖1
𝑐𝑐

𝑐𝑐𝑐𝑐𝑠𝑠 𝑛𝑛2ω𝑖𝑖2
𝑐𝑐

− 1
2
�𝑛𝑛1
𝑛𝑛2

+ 𝑛𝑛2
𝑛𝑛1
� 𝑠𝑠𝑠𝑠𝑠𝑠 𝑛𝑛1ω𝑖𝑖1

𝑐𝑐
𝑠𝑠𝑠𝑠𝑠𝑠 𝑛𝑛2ω𝑖𝑖2

𝑐𝑐               (20) 

The dispersion relation of electromagnetic wave propagation in photonic crystal in one-dimensional 
periodic structure can be determined by (20). 

The eigensolutions and dispersion relations of the one-dimensional complete monatomic chain 
system are: 

𝑢𝑢𝑛𝑛 = 𝐴𝐴𝑒𝑒𝑖𝑖[𝑞𝑞𝑛𝑛𝑖𝑖−ω(q)t],𝑞𝑞 ∈ 1𝐵𝐵𝐵𝐵                                                 (21) 

ω(q) = ω𝑚𝑚 �𝑠𝑠𝑠𝑠𝑠𝑠
1
2
𝑞𝑞𝑑𝑑� ,ω𝑚𝑚 = 2�𝛽𝛽

𝑀𝑀
                                           (22) 

Where ωm is the maximum frequency, β = 1 / kBT, kB is Boltzmann constant, M is atomic mass, 1BZ 
is the first Brillouin zone. 

There is no eigensolution of ω > ωm in the complete crystal chain. Suppose there is a solution  

Re (q) > 0, then sin(1/2qd) = ω/ωm > 1, so q must be complex and can be written 
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�𝑞𝑞 = 𝑞𝑞1 + 𝑠𝑠𝑞𝑞2
𝑞𝑞2 ≠ 0                                                                (23) 

Thus can be obtained 
ω
ω𝑚𝑚

= 𝑠𝑠𝑠𝑠𝑠𝑠 1
2
𝑞𝑞1𝑑𝑑𝑎𝑎𝑑𝑑𝑐𝑐𝑐𝑐𝑠𝑠ℎ

1
2
𝑞𝑞2𝑑𝑑 + 𝑠𝑠𝑐𝑐𝑐𝑐𝑠𝑠 1

2
𝑞𝑞1𝑑𝑑𝑠𝑠𝑠𝑠𝑠𝑠ℎ

1
2
𝑞𝑞2𝑑𝑑                                    (24) 

If ω and ωm are real numbers, q2 ≠ 0, then there must be 
1
2
𝑞𝑞1𝑑𝑑 = �ℎ ± 1

2
� 𝜋𝜋                                                         (25) 

Solved 

𝑞𝑞1 = �ℎ ± 1
2
� 2𝜋𝜋
𝑖𝑖

= 𝐾𝐾ℎ ± 𝜋𝜋
𝑖𝑖
                                                 (26) 

Since q1 ∈ 1BZ, there is q1 = π / d. Substitute q1 into Equation (13) to obtain q2 = 2 / a * arcosh 
(ω/ωm). Thus we can be obtained 

𝑞𝑞 = 𝜋𝜋
𝑖𝑖

+ 𝑠𝑠 2
𝑖𝑖
𝑎𝑎𝑑𝑑𝑐𝑐𝑐𝑐𝑠𝑠ℎ ω

ω𝑚𝑚
                                                   (27) 

Substituting Equation (27) into Equation ( 21 ), we can get 

𝑢𝑢𝑛𝑛 = 𝐴𝐴(−1)𝑛𝑛𝑒𝑒−𝑛𝑛𝑛𝑛𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖                                                (28) 

where α = 2arcosh (ω / ωm). The negative sign of the exponential factor e ^ (-nα) in Equation ( 15 ) 
corresponds to the exponential attenuation of the amplitude in the propagation direction of the wave 
vector. Similarly, similar models with Re(q) < 0 can get the same results. Therefore, if there is a vibration 
mode of ω > ωm in the atomic chain, this mode must be localized near an atom in the atomic chain, which 
can be seen as the atom is different from other atoms or the atom is missing, as shown in Figure 2, the 
nth atom is different from other atoms, then the vibration mode edge of ω > ωm is localized near n atoms, 
as shown in Figure 3. This vibration mode is called local mode [16]. 

 
Figure 2: One-dimensional atomic chain with a single atom                  Figure 3: Local vibration 

3. Numerical calculation and result analysis 

The energy band of two-dimensional hexagonal graphene photonic crystal after doping is analyzed, 
and the doping material is tin oxide. The basic parameters of the two-dimensional hexagonal graphene 
doped photonic crystal are: the relative dielectric constant of the background medium graphene is εc = 
4.5, and the tin oxide column is εa = 8. The two-dimensional hexagonal graphene doped photonic crystal 
structure diagram is shown in Figure 4. The radius of the tin oxide pillar is r = 0.05a, a = 1nm, a is the 
lattice constant. Filling ratio is 0.009068. The first Brillouin zone of the triangular lattice is shown in 
Figure.5, and the scanning direction of COMSOL is Г → M → K. 

 
Figure 4: Two-dimensional hexagonal 
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          Figure 5: The first Brillouin zone of triangular lattice graphene doped photonic crystal structure 

The electric field height of TM mode and TE mode of two-dimensional hexagonal graphene doped 
photonic crystal obtained by COMSOL simulation is shown in Figure 6 and Figure 7. It can be seen that 
the electric field has obvious local vibration near the tin oxide. 

                      
Figure 6: TM mode electric field height                    Figure 7: TM mode electric field height   

The band structure of TM mode in two-dimensional hexagonal graphene doped photonic crystal is 
shown in figure 8. It can be seen from Figureure.8 that the TM mode of the structure has two band gaps 
in the range of f = 15.222 ~ 15.258ω. The ranges are f1 = 15.232 ~ 15.236ω, f2 = 15.249 ~ 15.252ω, and 
the band gap widths are Δω1 = 0.04ω and Δω2 = 0.03ω, respectively. The band gap diagram of the TE 
mode is shown in Figure 9. It can be seen that the TE mode of the structure has two band gaps in the 
range of f = 16.469 ~ 16.490ω, ranging from f1 = 16.469 ~ 16.472ω and f2 = 16.474 ~ 16.482ω, 
respectively. The band gap widths are Δω1 =0.03ω and Δω2=0.08ω, respectively. 

                         
Figure 8: TM mode band structure                             Figure 9: TE mode band structure  

4. Conclusions 

In this paper, COMSOL software is used to study the band structure and localization of the crystal of 
two-dimensional hexagonal graphene doped with photons after partial tin oxide. The results show that 
the material has different degrees of localization near the tin oxide in both TE and TM modes. In the 
range of f = 15.222 ~ 15.258ω, the TM mode has two band gaps, and the band gap widths are Δω1 = 
0.04ω and Δω2 = 0.03ω. In the range of f = 16.469 ~ 16.490ω, TE mode has two band gaps. The band 
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gap widths are Δω1 = 0.03ω and Δω2 = 0.08ω, respectively. Through the study of the energy band and 
local mode of the material, this paper can provide simulation method and theoretical basis for the 
application of this material. 
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