Academic Journal of Mathematical Sciences
ISSN 2616-5805 Vol. 4, Issue 5: 9-15, DOI: 10.25236/AJMS.2023.040502

Ground State Solutions for Schrodinger Equations
with Periodic Potentials

Shuwen He"

School of Mathematics, Physics and Statistics, Sichuan Minzu College, Kangding, 626001, China
*Corresponding author: shuwenxueyi@163.com

Abstract: In this paper, we study a class of Schrodinger equations including multiple different periodic
potentials, this type of equation has a strong physical background and has become a hot topic in current
research, especially its widespread application in the theory of Bose-Einstein condensates. Under some
appropriate assumptions, we prove the existence of ground state solutions using the variational methods
and the concentration compactness principle. Additionally, defining the equation on an unbounded
domain and excluding semi-trivial solutions are relatively difficult parts. In the proofs we apply the
variant of the Mountain Pass Theorem where it is considered the Gerami condition instead of the Palais-
Smale condition.
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1. Introduction

This paper deals with the existence of ground state solutions to the following Schrédinger equation
—Au+a,(x)u =b,(x)u’ + W'u, xeR"Y,

1)
—Av+a,(x)v = b, (x)V’ + Au’v, xeRY,

where N <3, a,(x),b,(x)(i =1,2) are positive periodic functions in the variable X , 1 >01is a

coupling constant. These systems of equations are widely used in various branches of physical problems,
such as nonlinear optics, materials science, Bose-Einstein condensates theory and so on. In particular,
when 1 =

0, Eq. (1) gives back to two general Schrodinger equations. In the past several years, many authors|[1-
6] have studied the linear coupled Schrédinger equation

~Au+u=fu)+Av, xeR",

@
~Av+v=g(v)+Au, xeR",
hereu,ve H'(R"), f(u), g(v)are nonlinear continuous functions. Under certain conditions, they

proved the existence of a series of nontrivial solutions for Eq. (2). Furthermore, it is not difficult to see
that Eq. (1) is more complex than Eq. (2) due to the different forms of coupling terms. More precisely,
Eq. (2) does not have semi-trivial solutions (#,0) and (0, v) , while Eq. (1) requires more precise analysis

techniques to exclude semi-trivial solutions.

Motivated by the works mentioned above, especially by [3,6], the purpose of this paper is to study
the Eq. (1) involving multiple different periodic potentials. More specifically, based on the variational
methods, we follow the Mountain Pass Theorem of the Gerami condition instead of the Palais-Smale
condition, the Nehari manifold method and the concentration compactness principle to prove the
existence of the ground state solutions for Eq. (1). In order to obtain the main results, we assume that

a,(x),b,(x) and A satisfying the following conditions:
(V1) a.(x),b,(x)e C(RY,R)NL"(R")are 1-periodic in each of X,, X,,* "+, Xy ;

(V2) there exist constants @, b, > 0 such thata.(x) > a@.,b.(x) > b, forallx € R";
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(V3) there exists constant Ei > (0 such that [;l_ = sup b,(x) and coupling constant 4 > 0.
xeRY

Now we provide a detailed presentation of our main results.

Theorem 1 Suppose that (V1) —(V3) hold. Then there exists ﬂt > 0 such that A > i , Eq. (1) has at

least one ground state solution (u,V).

2. Preliminaries and Functional Setting

In this section, we introduce some notations and establish the variational setting of Eq. (1) for use in
the entire paper.

||, is the usual norm of the space L (R")for alll < p < o0, B, (x)={y € R":|y—x|<r} for

anyr >0andx € R", o(1) denotes any quantity which tends to zero when # —> 0. Moreover, if we
take a subsequence of the sequence {(u,,V, )}, we shall denote it again as {(u,,V,)} . Recalling that

the definition of the Hilbert space ' (R") endowed with the standard scalar product and norm

<u,v> = IRN (VuVv+uv)dx, ||u|= <u,u>%
Let the working space
Hi(RY)={ueH' (R"):||u|l;< oo}
be equipped with the norm || u ||2T = .[R” (IVu [’ +T |u|?)dx, where T := a,(x) . Moreover, define the

norm of the space F = H;] (X)(RN) X Hiz(x)(RN) as

1
[ @) =l + 1267

and E” is the dual space of E . We infer from (V1) — (V3) that the norms |- ||, and|| - || are equivalent.

a;(x)
In the meantime /| - (R") s continuously embedded into L” (R") for all p €[2, 2'], where2" =

ifN=1,2,and2" =6if N =3.

As a consequence, the functional J € C'(E, R) given by
) =21 P = L[ 61l +by ) v s -2 [ v E dx
H 2 H 4 RY 1 2 2 RY

is well defined. Thus, we deduce from the critical point theory that every nontrivial critical point of

J

is a solution of Eq. (1). Furthermore, the Nehari manifold corresponding to J is defined by
N ={(u,v) € E\{(0,0)}: (J'(u, ), (u,v)) = 0}
and

c= inf J(u,v).

(u,v)en

3. Proof of Theorem 1

In this section, we give the proof of Theorem 1. Before that, we need to some useful lemmas.
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Lemma 1 Suppose that (V1) —(V3) are satisfied. Then
1) for any z = (u,v) € E\{(0,0)}, there is a unique?, > 0 such that?_z € N';
2)J(z) = J(tz)forallz = (u,v) € N and? 2 0.

Proof (1) For each z = (u,v) e E\{(0,0)}and? >0, we define §(¢) = J(tz), using ¢'(z) =0
leads to#z € V', which implies that

G, v) [P=2? IRN (B () [u ' +by () [v[* +24 [u Pl v[*)dx. ©)
By (V1)—(V3), we have #(0) =0, ¢(¢) > 0 for £ > 0 small and ¢(¢) < O fort large, due to the
right end of (3) strictly monotone increasing. Then, H,lj')x @(t) is achieved at a unique?, >0 so that
P'(t.)=0andt.zeN . _
(2) Forallz = (u,v) € W andf 2 0, one sees that

=1 t

4

J(2)=J(tz) ==t

X

Then (2) holds.

2
2]+

-1
fior GO Tl 45, () Py )+ =2 [Pl P d

2
£ 1Y
ZJL&wMummWﬂMWM%x

Lemma 2 (Mountain Pass Geometry, see[7]) Suppose that (V1) —(V3)are satisfied. It is easy to

verify that the functional J satisfies the following conditions:

1) there exist positive constants 7, o such that J (i, v) > 7 provided with|| (uz,v) ||= po;
2) there exists (;,€,) € E with|| (e, e,) ||> p such thatJ(e,,e,) < 0.
Define

¢, = Inf maxJ(tu,tv), c,=infsupJ(y(?)),

(u,v)eEN(0,0)} >0 el g<4<1
where
I'={y e C([0,1], E):y(0) = (0,0),J(y(1)) < 0} .

Consequently, by Lemmas 1 and 2, similar to the proof in [8], one can check thatc = ¢, =¢, >0

and there exists a Gerami sequence {(#,,V, )} C E at the level ¢ such that
J(u,,v,)>c and  (+[(u,,v) )1 (w,v) |l —0. C)
Lemma 3 Suppose that (V1) — (V3) are satisfied. Then the following results hold:
1) any Gerami sequence {(u,,,V, )} C E satisfying (4) is bounded;
2) if (u, V) is a ground state solution of Eq. (1), then there exists a constant ﬂt > O such thatu,v # 0
for any A > i .

Proof (1) For any Gerami sequence {(u,,V, )} satisfying (4) in £, we have
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4 0(1) =0, = (7, ), ) = 1 Gt

which implies that {(u,,V, )} is bounded in £ ;
(2) Following the idea of the proof [9,10], it is easy to see that

— Au+a,(x)u =b,(x)u’, xeR” (5)
and

—Av+a,(x)v =b,(x)V’, xeR" (6)

have at least ground state solutions ¢, and v, respectively in H ' (RN) . Thus, in order to prove (ii) in
Lemma 3, we need to verify the following inequality

¢ <min{J(u,,0),J(0,v,)}. 7
According to the discussion method in Lemma 3.3 of [3], one can get that

c= inf D(u,v),

(u,v)eE\{(0,0)}

where

2
(1P o VI o))

40 ul* +h, () v [ 22 u Py P)dx

D(u,v)

Let each b, (x) be fixed with satisfy (V1) and (V2), define function

@(s,1) = D(su,,\tv,)

2
) (sl 1B, +elIw 12, )
4'[RN (bl()c)s2 lu, |4 +b2(x)t2 |V, |4 +2Ast | u, |2| 12 |2)dx

=w(s,?)

onasetA:={(s,1):5,6>0,(s,t) #(0,0)} . We noticed thatu, and v, are ground state solutions
of (5) and (6) respectively, thus one has

2 4 2 4
g I o= [ B oy [ and vy [ = [ By vy [ ®)
Furthermore, it is not difficult to obtain
oy |1,
w(s,0) = —— e _ 50, )
’ 19 )
4f 50y [ dx
v,
w(0,1) Ui llay J(0, )
) s V1)

4l b |v [fdr

To prove that (7) holds, it is necessary to prove that w(s, ) does not take the minimum on the lines
s§=0ort=00fA. Thus, for all P,Q,R,S,T >0, we can easily verify that the necessary and

sufficient condition for binary function
(Ps+0t)’
Rs® +28st + Tt

g(s,t) =
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not to take a minimum is QS — PT > 0, PS — QR > 0. Then from QS — PT > O that
2 2., 12 2 4
A P [l P P e, ) [ 8, [ [ d 0. o
Therefore, by (8) and (9), we have

g I, o [ oY I [ dx [ B0 [y [ de
I 1 ol Pl e [ L Pl P e

N 4
S b]J.RN|u1| dx
> w1
[l PLv, [ d

Similarly, it follows from PS — QR > 0 and (8) that

7 4
b Inl

A .
[ le Plv [ d

Finally, we define

7 4 7 4

b1_[RN|u1| dx szRN|V1| dx
2 2 > 2 2

[l Pro Pde” [ Ly Pl P

A =max

then (7) holds when A > 1.

We are Now Ready to Prove Theorem 1 From (i) in Lemma 3, there exists bounded Gerami
sequence {(u,,v,)} C E satisfying (4). If

n—0

g=timsupsup [ (lu, [ +|v,[))dx=0,
yerY VB

it follows from the Lions’ concentration compactness principle [11] that |u, |7 +|v, |7 —0,
forall pe(2,27).

Then one has

C:J(unavn)_%<J'(un,vn),(un,vn)>+0(1)
:%'[RN (b1(x)|u” |4 +b2(x)|vn |4 +21|u” |2|Vn |2)dx+o(])

1 ~ R
<o By L, 1 4B, 1w, 1 +AQ w, 1+ v, [9)]dx+ o)

1 A A
< maxiby, by, 23[ ([ + v, [)dv+o(l)

=o(l).

This is a contradiction. Thus & > 0.

Passing to a subsequence if necessary, there exists k, € Z" such that
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1 Pydes &
o o, (v, Prde> 2 (10)

Set(u,(x),v, (x))=(u,(x+k,),v,(x+k,)). We have

— _ é:
J.Bl+ﬁ(0)(|un| +|vn| )dx>5

Combining (V1) ,(4) and the translation invariance of J and V", we obtain that
J(@,,v,)>c and (4@, v,) )1 J'@,, V) —0. (an
If necessary, take another subsequence, we assume that there exists (i, V) € E such that (,,V,)
ey, vy in E , (4,v,)—>@@v) i L R")(Vpe[2,2) and
(,(x),v,(x)) > (i,v) ae. on RY . 1t follows from (10) that (zz,v) # (0,0) . Using a standard

analysis, one has J'(u,v)=0, («,v)e€ N and J(u,v)>c . Furthermore, by (11) and Fatou’s
lemma, we can see that

c= 1im{J(L7n,\7n) —%<J’(ﬁn,\7n),(b_ln,‘7,,)>}
1 _ _ .
~lim [ (B, [ 45,017, [ 42417, P17, P
1 B _ o
> T 5,007 42217 P17 )

= J(u,V) —%(J'(LT, v),(,v))
=J(@i,7).

Then we have J (i, V) = ¢ . Recalling that the (ii) of Lemma 3, there exists a constant 4 > 0 such

that #,v # 0 for L > A, thus we conclude that (zz, V) is a ground state solution.

4. Conclusions

Based on the variational methods and the critical point theory, this paper proved the existence of
ground state solutions for a class of two-component coupled Schrédinger equations with multiple
different periodic potentials. In order to find the ground state solutions, we adopted a series of clever
analytical techniques to overcome the difficulties of exclude semi-trivial solutions and lack of
compactness.
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