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Abstract: Distributed power supply connected to distribution network brings impact on system voltage 
distribution as well as tidal current analysis, which causes degradation of system power quality. For this 
reason, a system optimization model is needed to analyze and optimize system voltage and tidal current. 
The linearized second-order cone relaxation optimization algorithm for distribution networks with 
distributed power sources is proposed. First, the distribution network branch tide model is introduced to 
analyze the tide of the distribution network with distributed power supply access; based on this, the 
distributed distribution network tide optimization model is established. Secondly, the distributed 
distribution network tidal optimization model is simplified, and the multi-time second-order cone 
relaxation optimization algorithm is proposed for the non-convex nonlinearity in tidal analysis, and the 
segmental linearization is performed for the non-convex nonlinearity of capacitor bank and on-load 
regulator transformer. Finally, a modified IEEE33 node test system is used on the MATLAB simulation 
platform to verify the tidal optimization of this distributed distribution network tidal optimization system. 
The simulation results show that the tidal optimization algorithm can reasonably dispatch the output of 
on-load regulating transformers, capacitor banks and distributed power sources, effectively reduce the 
network loss and the voltage deviation of the grid. 

Keywords: optimal power flow; mixed integer linear programming; segmented linear programming; 
multi-period SOCP algorithm 

1. Introduction  

The access of distributed power supply to distribution network will change the distribution of power 
flow in distribution network and aggravate the voltage deviation of distribution network [1]. In order to 
rationally use the distributed power supply, stabilize the voltage deviation and realize the system energy 
saving, it is necessary to optimize the power flow distribution of the distribution network. Optimal power 
flow (OPF) is a non-convex nonlinear problem. It is difficult to find the optimal solution by using the 
interior point method, Newton method, heuristic intelligent algorithms such as genetic algorithm, particle 
swarm optimization [2] and other methods. Reference [3] used genetic algorithm to solve the multi-
objective function, which can only solve the local optimal solution and cannot quantify the error between 
the global optimal solution. Based on this, the convex optimization of optimal power flow has received 
extensive attention.  

The commonly used convex relaxation optimization techniques are semi-definite program (SDP) and 
second order cone program (SOCP) [4]. In the literature [5], the common convex relaxation techniques are 
introduced and their relaxation accuracy is compared. The conclusion is that although SDP has high 
solution accuracy, its solution speed is much lower than that of SOCP, and in large-scale test systems, 
the feasibility solution cannot be obtained. However, in the radial distribution network, the SOCP 
solution accuracy is the same as the SDP. Mixed integer linear programming (MILP) is a kind of 
nonlinear programming method, which is used to solve the optimization model with integer variables. 
Reference [6] used second-order cone relaxation and linearization techniques to transform the original 
non-convex nonlinear optimization into an approximate mixed integer linear program (MILP) solution, 
which reduced the optimality. 

In this paper, SOCP algorithm is proposed to solve the non-convex nonlinear problem of multi-period 
power flow distribution in radial distribution network with distributed wind power generation. The IEEE-
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33 node test system is simulated and verified by MATLAB platform. The simulation results show that 
the power flow optimization algorithm can reasonably schedule the output of OLTC, CB and distributed 
power supply, effectively reduce the network loss and reduce the grid voltage deviation. 

2. Power flow optimization model  

For the distribution network with distributed wind power access, the system power flow distribution 
changes, and it is necessary to analyze and optimize the system model. 

2.1. Distribution network branch power flow model  

For the radial distribution network with distributed wind power generation, the distribution network 
contains n nodes and b branches, { }1,2,...N n=  represents the set of all nodes and 

{ } ( ){ } ( )1,2,... ,B b i j N N= = ⊂ ×  represents the set of all branches. The branch flow model (BFM) is 
used to analyze the three-phase AC power flow of the system. The two-node power flow analysis model 
in the distribution network system is shown in Figure 1. 

jk jk jkS P jQ= +

i i is p jq= +

ij ij ijz r jx= +

ijI

ij ij ijS P jO= +

j j js p jp= +

i j

iU
jU

 
Figure 1: Two-bus system flow distribution 

In Fig.1, ijI represents the current flowing over the branch ij, ij ij ijz r jx= + represents the complex 

impedance of the branch ij, and ij ij ijS P jQ= + represents the complex power of the branch ij. 

jk jk jkS P jQ= +  represent the complex power of branch jk, i i is p jq= +  and j j js p jq= +  
represents the load power of nodes i and j.  

Distribution network power flow model (BFM): 
2 2 2 2 22( ) ( )j i ij ij ij ij ij ij ijU U r P x Q r x I= − + + +                       (1a) 
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2.2. Distribution network power flow optimization model  

The power supply security of the distribution network system is affected by the voltage offset. In 
order to make the system safe and reliable and save energy and reduce consumption, this paper takes the 
minimum voltage offset and the minimum line loss as the objective function expression of the distribution 
network optimization: 

2

1
1 max

min
N

i Ni

i i

U UF U
U=

 −
= ∆ =  ∆ 

∑                        (2a) 

2
2 min loss ij ij

ij N
F P I r

⊂

= = ∑                            (2b) 
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In Equation (2), NiU represents the nominal value of i node voltage, maxiU∆ represents the 
maximum voltage offset of i node. 

Constraints: Distributed power access to the distribution network will affect the system voltage 
distribution and power flow size, so in the reactive power optimization not only need to consider their 
own voltage, current constraints, but also consider the power flow constraints. In addition, the constraints 
of capacitor banks and on-load tap changers should also be considered, as follows:  

(1) Voltage and current constraints of distribution network: 

min maxU U U≤ ≤                                (3a) 

max0 I I≤ ≤                                  (3b) 

(2) Generator constraints: 

max0 g gp p≤ ≤                                  (4a) 

min maxg g gq q q≤ ≤                                 (4b) 

(3) Power flow constraint:  

(1a)-(1d)                                     (5) 

(4) Distributed generation constraint  

max0 wind windp p≤ ≤                                  (6) 

(5) On-load Tap Changer (OLTC) constraints: 
2 2
i m OLTCU t U∆ =                                  (7a) 

( )1 tr
m m mt nτ= +                                  (7b) 

,maxtr tr
m mn n≤                                   (7c) 

tr
mn Z∈                                     (7d) 

Equation (7a) is the relationship between the increment ( iU∆ ) of node voltage iU  and the additional 

amount ( OLTCU ) of OLTC voltage. The Equation (7b) is the relationship between OLTC ratio ( mt ), tap 

position ( tr
mn ) and tap step ( mτ ). Equation (7c) is the constraint of OLTC tap position, Equation (7d) is 

the integer constraint of tap position, and Z is the integer set.  

(6) Capacitor Bank (CB) constraints: 
2cp

i CB iQ U b= ∆                                   (8a) 

,
cp

i c i ib y n=                                    (8b) 

,maxcp cp
i in n≤                                   (8c) 

cp
in Z∈                                     (8d) 

The Equation (8a) is the relationship between the admittance ( ib ) of the capacitor bank and the 

reactive power ( cp
iQ ) injected into the capacitor bank, and the voltage change caused by the access of 

the capacitor bank. The Equation (8b) is the relationship between the admittance value ( ib ) of the 

capacitor bank and the number of units ( ,c iy R∈ ), cp
in is the admittance value of a single capacitor bank; 

the Equation (8c) represents the constraint of capacitor bank admittance, ,maxcp
in  is the upper limit of 

single capacitor bank admittance cp
in . The Equation (8d) is cp

in  integer constraint, and Z is an integer 
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set.  

The power flow optimization of distribution network established above is a non-convex nonlinear 
optimization problem, and it is difficult to find the global optimal solution. Therefore, the second-order 
cone relaxation algorithm is used. 

3. Nonlinear constraint condition processing  

The Second Order Cone Program (SOCP) algorithm is a convex optimization algorithm with high 
efficiency and accuracy.  

3.1 Second-order cone relaxation algorithm with nonlinear constraints  

Defines the quadratic form variable X,  

. . . . . .
* *

. . . . . .
* *

( ) ( )

( ) ( )

H

i i i i i ij

ij ij ij i ij ij

U U U U U I
X

I I I U I I

     
     = =     
          

                    (9) 

In Equation (9), let *
ij ij ijl I I= , *

ij ij ijW U U= the power flow calculation formula (1) can be rewritten 
as. 

2 22( ) ( )j i ij ij ij ij ij ij ijW W r P x Q r x l= − + + +                     (10a) 

:
j ij ij ij jk

k j k
p P r l P

→

= − − ∑                            (10b) 
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j ij ij ij jk

k j k
q Q x l Q

→

= − − ∑                           (10c) 

2 2
ij ij

i
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P Q
W

l
+

=                                 (10d) 

The above Equation (10d) is nonconvex, which is equivalent to the following inequality constraint 
and rank 1 constraint. 

* 0i ij

ij ij

W S
S l
 

≥ 
 

                               (11a) 

* 1i ij

ij ij

W S
rank

S l
 

= 
 

                             (11b) 

In Equation (11), the inequality constraint is a positive semidefinite convex constraint, but the 
equality constraint (rank 1 constraint) is a non-convex constraint, which needs to be relaxed before 
solving.  

The second-order cone relaxation is an approximate solution, and its principle diagram is shown in 
Figure 2. 

SSOC

Soriginal

SOC 
relaxation

The original nonconvex 
feasible region Soriginal

Second-order cone convex 
relaxation feasible region 

SSOC

S
S

 
Figure 2: Sketch of second-order cone relaxation principle 
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For non-convex and nonlinear problems cannot be solved directly, so the feasible region Sorginal range 
is extended to the convex feasible region SSOC, and the optimal solution S is the lower bound solution of 
the original non-convex problem. If SOCS S⊂ , the second-order cone convex relaxation is accurate, 
then S is the optimal solution of the original problem.  

Then, according to Sylvester's criterion [7], the semidefinite constraint in (11) is exactly transformed 
into the second-order cone constraint as shown in (12). 

2

2 ( , )
( , ) ( , )

( , ) ( , )
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                      (12a) 
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−
                      (12b) 
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2 ( , )
( , ) ( , )

( , ) ( , )
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ij ij
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S i i
S i i S j j

S i i S j j
≤ +

−
                      (12c) 

3.2. Piecewise linearization of OLTC and CB  

The constraints (7) and (8) are non-convex nonlinear constraints, which makes it difficult to solve the 
optimization problem in polynomial time. By approximating non-convex constraints with piecewise 
linear programming (PWL) and mixed integer linear programming, OLTC and CB are modeled to obtain 
piecewise linear formulas [8].  

The voltage relationship between OLTC nodes is:  

2
,0

1

K
m

i m OLTC p
p

W t W U
=

∆ = + ∆∑                            (13a) 

, ,max0 m m
p m p p OLTCU t s W≤ ∆ ≤ ∆                           (13b) 

( )( ), ,max ,- 1- m m
m p OLTC p OLTC p m p OLTCt W s W v t U∆ ≤ ∆ ≤ ∆                 (13c) 

, , ,... .m m
p 1 ps s p 1 2 K 1+ ≤ = −                            (13d) 

In Equation (13) , 2
OLTC OLTCW U= , ,

m
p m p OLTCU t W∆ = ∆ , 2 2

, , , -1-m p m p m pt t t∆ = , ｛ ,0mt ， ,1mt ， ,2mt … ,m Rt ｝ 

represents the fixed tap position of OLTC connected by branch m ; binary variable { 1
ms ， 2

ms ，… m
ks } 

and 1
m m
p ps s +≥ , p = 1, 2,... K−1 represents the running state of OLTC branch, if 0m

ps = , then 0m
pv∆ = , if

1m
ps = , then ,

m
p m p OLTCU t W∆ = ∆ . 

The relationship between the capacitor bank admittance ( ib ) and the reactive power injected into the 
capacitor bank ( cp

iQ ) is: 

,
1

K
cp s
i i p

P
Q Q

=

= ∑                                  (14a) 

, ,max ,0 s i
i p p CB i pQ u W b≤ ≤                              (14b) 

( )( ), ,max , ,- 1- i s
i p i p CB i p i i pb W u W Q W b≤ ≤                        (14c) 

, ,..., .i i
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In Equation (14), 2
i iW U=  , 2

,max ,maxCB CBW U= , ,
s
i pQ  is the reactive power of a single capacitor 
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bank ; i
pU  represents the operating state of the shunt capacitor. { ,1ib ， ,2ib  … ,i Kb } is the admittance 

value of the controllable capacitor bank at node i, ,
s
i pQ  represents the product value of iW  and ,i pb . 

The binary { 1
iu , 2

iu  … i
Ku } represents the operating state of the capacitor bank at node i. 

4. Dynamic multi-period SOCP algorithm  

4.1. Dynamic multi-period SOCP-OPF model establishment  

Single-period optimization is to optimize the distribution network with constant system load demand, 
but in fact the load of the distribution network is changing. For the distribution network with distributed 
power supply, that is, the active distribution network, generally 24 hours is a load cycle. According to 
the load change and the power generation status of the distributed power supply, a load cycle can be 
divided into multiple periods. If a load cycle is divided into too many periods, the OLTC switching times 
are too many, resulting in wear and tear, and the calculation amount is cumbersome and complicated, 
and the result cannot be obtained. If too few time periods are divided, the calculation results will be 
unreliable, so the appropriate number of time periods should be selected. In this paper, each hour is 
selected as a period of time, and a load cycle is divided into 24 periods. In a load cycle, the dynamic 
multi-period MISOCP-OPF model is as follows: 

, ,' 2
1

1 1 max

min ( )
T N

i t Ni t

t i i

U U
F

U= =

− 
=  ∆ 

∑ ∑                          (15a) 

' 2
2 ,

1
min

T

ij t ij
t ij N

F I r
= ⊂

 
=  

 
∑ ∑                              (15b) 

The power flow constraint condition in t period is: 
2 2

, , , , ,2( ) ( )j t i t ij ij t ij ij t ij ij ij tW W r P x Q r x l= − + + +                     (16a) 
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:

j t ij t ij ij t jk t
k j k

p P r l P
→
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:
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q Q x l Q
→

= − − ∑                            (16c) 

Second-order cone relaxation constraint in t period: 

,
, ,

, , 2

2 ( , )
( , ) ( , )

( , ) ( , )
i t

i t i t
i t i t

W i i
W i i W j j

W i i W j j
≤ +

−
                  (16d) 

,
, ,

, , 2

2 ( , )
( , ) ( , )

( , ) ( , )
ij t

ij t ij t
ij t ij t

I i i
I i i I j j

I i i I j j
≤ +

−
                   (16e) 

,
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, , 2

2 ( , )
( , ) ( , )

( , ) ( , )
ij t

ij t ij t
ij t ij t

S i i
S i i S j j

S i i S j j
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−
                   (16f) 

Node voltage, branch current, power generation equipment, OLTC and CB constraints in t period:  

min maxW W W≤ ≤                                  (16g) 

max0 l l≤ ≤                                    (16h) 

(4),(6),(13),(14)                                 (16i) 

In practical processing, considering the second-order cone convex relaxation error. Error can be 
calculated by formula (17). 
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                             (17) 

4.2. Dynamic multi-period SOCP algorithm flow  

In the above multi-period dynamic power flow optimization model, the control variables not only 
involve flexible resources such as generators and wind turbines, but also discrete resources such as OLTC 
and CB. For the static power flow optimization model, the system impedance, power load demand and 
other parameters are given. Given the objective function; the upper and lower bounds of system voltage 
and current, and the upper and lower bounds of capacity of generators, wind turbines and capacitor banks. 
By using the second-order cone convex relaxation algorithm, the non-convex nonlinear problem that 
cannot be directly solved is transformed into a solvable model. Through the YALMIP simulation 
software package, a single-period optimization model is established. Considering the change of system 
load demand, it is transformed into a multi-period optimization model. Finally, the Gurobi solver is called 
to solve the model. The specific algorithm flow chart is shown in Figure 3. 

Start

Setting system parameters, on-load voltage regulating 
transformer, photovoltaic, capacitor access location

Set the objective function and constraint conditions are 

GUROBI is called to solve the MISOCR-
OPF model.

Considering multiple periods, it is transformed 
into a multi-period optimization model

Convex relaxation 
transformation

Output optimization 
results

end

Whether it meets the standard 
second-order cone 
programming form

 the optimization model is 
established by YALMIP

Yes

No

 
Figure 3: Flow chart of multi-time optimal power flow algorithm for radiation type distribution 

network 

5. Simulation analysis  

5.1. Select the node test system  

The IEEE-33 standard node test system is selected as the power reference value and voltage reference 
value. The on-load voltage regulating transformer is indirectly connected at 33 and 1 nodes. The voltage 
regulating range is 0.9 ~ 1.1, and the voltage regulating step is 0.0125, with a total of 17 grades. The 
wind turbine is connected to the 17 and 32 nodes, and the maximum capacity is taken; the capacitor bank 
is connected at 5 and 15 nodes, and the capacitor capacity of each group is taken, a total of 5 groups. The 
IEEE-33 standard node test system is shown in Figure 4, and the 24-hour active and reactive loads of 
each node are shown in Figure 5. 

2 2
ij i ij ijError l W P Q= − −
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Figure 4: IEEE-33 standard node test system 

 
Figure 5: (a) 24-hour load active power output graph 

 
Figure 5: (b) 24-hour load reactive power output graph 

Figure 5: 24-hour load active and reactive power output graph 

5.2. Analysis of simulation results  

Table 1: Results of 11 iterations 

iteration times 1 2 3 4 5 6 7 8 9 10 11 
F1(total voltage 
deviation /pu) 1.404 1.365 1.366 1.366 1.362 1.371 1.366 1.366 1.366 1.366 0.491 

F2(total active 
network loss/pu) 0.372 0.374 0.374 0.375 0.374 0.373 0.375 0.375 0.375 0.375 12.210 

 
Figure 6: Dual-objective Pareto front 
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The MATLAB example simulation is carried out on the computer with 2.2GHz processor and 16GB 
running memory. The number of iterations of the SOCP algorithm is set to 11, and the simulation results 
are shown in Table 1. According to the data of table 1, the voltage deviation of the first time is the largest, 
and the network loss of the 11 th time is the largest. When solving the Pareto front, in order to make the 
data more accurate, the first and 11th results are removed, and only the results of the middle 9 times are 
retained. The Pareto front found is shown in Figure 6. 

The optimal point of the target is obtained at the fifth simulation, that is, F1 (total voltage offset) is 
1.362 pu, F2 (total active network loss) is 0.374 pu, and the objective function takes the optimal value. 
It can be seen from Table 1 that compared with the initial power flow calculation node voltage deviation, 
the voltage deviation value of the fifth iteration is reduced by 0.042 pu.  

The node voltage distribution in the 24-hour period corresponding to the optimal objective function 
is shown in Figure 7 (a). In order to intuitively analyze the distribution of node voltage, the relationship 
between each node voltage and the node sequence number is shown in Figure 7 (b). The relationship 
between each node voltage and each moment is shown in Figure 7 (c). 

 
(a) 24-hour bus voltage distribution 

 
(b) Voltage distribution of each bus 

 
(c) Bus voltage distribution by time period 

Figure 7: Bus voltage distribution 

According to Figure 7 (b), 33 nodes as the root node, the node voltage is the highest (1.014pu); 
secondly, due to the access of wind turbines, the node voltage at 17 nodes and 32 nodes is raised. It can 
be seen from Fig.7 (c) that from 19h to 22h, the voltage is low due to the high load demand.  
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Under the optimal objective function, the comparison diagram of active power output and load active 
power demand is shown in figure 8 (a), the comparison diagram of reactive power output and load 
reactive power demand is shown in figure 8 (b), the output of wind turbine is shown in figure 8 (c), and 
the output of capacitor bank is shown in figure 8 (d). 

 
(a) Comparison of active power output and active load demand 

 
(b) Comparison of reactive power output 

 
(c) 24-hour wind generator output power 

 
(d) 24-hour CB output power 

Figure 8: Generator, wind generator, CB output power 
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basically consistent with the load active demand. The difference mainly comes from the active power 
provided by the wind turbine. Reactive power is the same. It can be seen from Figure 8 (c) that between 
19h and 22h, due to the large load demand, in order to maintain the voltage level, the output of the wind 
turbine is the maximum. From Figure 8 (d), it can be seen that the node voltage at the 5 node is low, and 
the CB compensation voltage is connected, and its output changes with the change of voltage. The load 
demand becomes larger at 20 h, and only the 5 node CB output cannot meet the node voltage level. At 
this time, under the condition that the 5 node CB maintains the maximum output, the CB at the 15 node 
begins to output and continues to lift the system voltage.  

Under the optimal objective function, the proportion of active power loss in 24 periods to the total 
active power output of power generation is shown in Fig. 9. 

 
Figure 9: Active network loss ratio by time period 

It can be seen from Figure 9 that compared with the proportion of the initial power flow active power 
loss to the total active power output of the power supply, the proportion is greatly reduced under the 
optimal objective function. That is to say, the total active power loss of the system is reduced from 22.94 % 
to 14.47 % by SOCP algorithm.  

Under the optimal objective function, the relaxation error of the second-order cone convex relaxation 
algorithm can be calculated by formula (17) as shown in Figure 10. 

 
Figure 10: SOCP algorithm slackening error 

It can be seen from Fig.10 that the multi-period SOCP algorithm has a solution error of 10-6 orders 
of magnitude in solving non-convex nonlinear problems, which fully meets the accuracy requirements.  

The solution time of dynamic multi-period SOCP is compared with other algorithms as shown in 
Table 2. 

Table 2: Comparison of dynamic multi-period SOCP and krill swarm algorithm [9] 

solving algorithm iteration times active network loss (%) minimum node voltage 
(pu) 

solving 
time 

krill swarm 
algorithm 12 34.75 0.956 >30min 

Multi-period 
SOCP algorithm 4 14.47 1.024 9.74s 

From Table 2, it can be seen that compared with the krill herd algorithm, the multi-period MISOCP 
algorithm has fewer iterations, shorter solution time, lower active network loss, and higher minimum 
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voltage. The second-order cone relaxation algorithm has obvious advantages in solving nonlinear and 
non-convex problems.  

6. Conclusion 

Aiming at the optimal power flow problem of three-phase radial distribution network, a multi-period 
SOCP algorithm is proposed to solve the non-convex nonlinear problem in three-phase AC OPF and the 
optimization problem with the participation of wind power, OLTC and CB. By MATLAB simulation, 
the conclusions are as follows. 

(1) The multi-period SOCP algorithm is used to solve the OPF. Under the premise of ensuring the 
solution accuracy of 10-6 orders of magnitude, the total active network loss of the system is reduced from 
22.94 % under the initial power flow to 14.47 %.  

(2) The active power output of wind turbine, the reactive power output of CB and the total offset of 
node voltage are reduced by 0.042 pu, which improves the power quality. 
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